The frequency dependent polarizabilities of closed-shell alkali metal clusters containing up to ten lithium, potassium, and rubidium atoms have been calculated using the linear complex polar- 
I. INTRODUCTION
The electric-dipole polarizability is the key microscopic property in several spectroscopies.
Much theoretical and experimental work has been devoted to determine the polarization properties of atoms, molecules, and clusters, 1 and, in recent years, this research has included the study of metal clusters. 2 In particular sodium has played the role of model system for metal cluster research. The original measurements by Knight et al. 3 of the polarizability of sodium clusters containing up to 40 atoms have spurred a large number of theoretical calculations [4] [5] [6] [7] [8] [9] [10] [11] and experiments [12] [13] [14] devoted to the ground state electronic structure and optical properties of these systems. The polarization properties of lithium clusters have also attracted quite some attention in the literature both in the theoretical 4, [15] [16] [17] and experimental 12, 18 communities, whereas, for potassium and rubidium, earlier reports on cluster polarizabilities are restricted to the potassium dimer 3, 4, 19 and the rubidium dimer.
4,19
The leading long-range dispersion interaction is the van der Waals dipole-dipole interaction which relates to the electric dipole polarizability via the Casimir-Polder relation. 20 It is a common procedure to express the strength of this interaction in terms of the C 6 dispersion coefficient. In an experiment by Kresin et al. 21 sodium clusters were injected into a cavity containing a low concentration of C 60 fullerenes and, from the measured scattering, the cluster-fullerene long-range interaction potential could be determined. In addressing this experiment, we recently reported first-principles calculations of the dispersion interaction between C 60 and sodium clusters. 22 To the best of our knowledge and prior to the present work, the potentials for long-range interactions have not been determined for alkali metal clusters containing lithium, potassium, or rubidium.
The evaluation of the C 6 coefficient for a pair of microscopic systems involves the determination of the dynamic polarizability at imaginary frequencies, i.e., α(iω), for each of the two individual systems. Different computational approaches have been designed for this purpose; it is, for instance, possible to determine α(iω) by turning to an expansion of the polarizability in the Cauchy moments as described in several papers. [23] [24] [25] [26] More recently it was argued that a more efficient strategy is to adopt a straightforward approach to the evaluation of α(iω) at the cost of introducing complex algebra into the time-dependent electronic structure code. [27] [28] [29] A number of applications have demonstrated that accurate results for α(iω) can be determined in this way and that the scope of applications is significantly widened to include large-scale systems 22, 30 and excited states. 31 In fact the computational scaling parallels that of traditional polarization propagator approaches developed for the calculation of the regular polarizability depending on a real frequency argument.
In the present work we will present a systematic study of the dispersion interactions for small alkali metal (lithium, sodium, potassium, and rubidium) clusters including up to ten atoms as well as the interactions between these clusters and the C 60 fullerene. We will base our work on the aforementioned complex polarization propagator approach.
27,29
The properties of the metal clusters are obtained at the Hartree-Fock (HF) and density functional theory (DFT) levels and it will be argued that the quality of the DFT results as obtained with the hybrid B3PW91 exchange-correlation functional will correspond to the second-order Møller-Plesset (MP2) wave function model. Our work is complementary to the previous investigation on sodium clusters, 22 and, for the convenience of the reader and sake of completeness, parts of the results presented in Ref. 22 will be repeated here.
II. METHODOLOGY
Our approach is focused at a direct evaluation of the electric dipole polarizability α(iω) by turning to complex algebra in the time-dependent electronic structure method of choice.
27,29
The polarizability corresponds to the first-order response in the molecular dipole moment as due to an external electric field; in the case of dispersion interactions between systems A and B, the external field exposed on system A is that due to the induced dipole moment in system B (and vice versa). If expressed in the basis of eigenstates to the molecular Hamiltonian, the polarizability of the molecular system evaluated for a frequency on the imaginary axis can be written in terms of a sum-over-states formula according to
whereμ α is the electric dipole operator along the molecular axis α, ω n is the transition frequency of the excited state |n , and the prime indicates omission of the ground state in the summation. Once the polarizability has been determined, the C 6 dispersion coefficient of the orientationally averaged long-range dipole-dipole interaction between systems A and B is given by
where α denotes the trace of the polarizability tensor. It is clear that in order to carry out the integration in Eq. (2) we must, at least in principle, determine the polarizabilities of systems A and B on the entire imaginary axis. In practice, however, we can calculate α(iω) for a set of discrete frequencies and use a quadrature scheme for the integration, see
Section III for details on how the integration in Eq. (2) is carried out in the present work.
Apart from the case of calculations based on the configuration interaction method in quantum chemistry, the eigenstates of the quantized Hamiltonian are not included in the excitation manifold and the sum-over-states property expressions that we meet in an exact formulation are instead represented by matrix equations. In the single determinant HartreeFock or Kohn-Sham approximations, the polarizability in Eq. (1) corresponds to the well known random phase approximation equation
A;
where E [2] and S [2] are the so-called Hessian and overlap matrices, and A [1] and B [1] are the property gradients composed from the ground-to-excited state transition moments of dipole moment operatorsμ α andμ β , respectively.
Equation (3) is complex, and corresponds to a set of two coupled real matrix equations.
In Ref. 28 we gave explicit account of how these coupled equations could be efficiently solved, and the resulting polarizability is a well-behaved monotonic function that has its maximum in the static limit α(0) and then tends to zero as ω → ∞. The rate at which α(iω) tends to zero is sometimes expressed in terms of a so-called effective frequency ω 1 that is defined in the London approximation
Having introduced this approximation, the evaluation of the integral for the dispersion coefficient [Eq. (2)] can be made analytically and, for like molecules, one obtains the relation
It was shown in Ref. 32 that the effective frequency can be regarded as more or less constant for an entire class of systems, and, for that reason, property predictions based on extrapolation of results can sometimes be accurately made. Therefore, resulting values for the effective frequencies of the alkali metal clusters have been included in the present work.
III. COMPUTATIONAL DETAILS
The polarizabilities at imaginary frequencies were determined from Eq. (3) at the timedependent HF and DFT levels of theory with use of the dalton program. 33 The DFT calculations were performed with use of the hybrid B3PW91 exchange-correlation functional.
34,35
Unless specified, the polarization basis sets of Sadlej 36 were employed in the property calculations for all alkali metal clusters; however, for the dimer and tetramer compounds, larger basis sets 37 [19s15p12d6f ] were also used (but then marked with a footnote in the tables).
For lithium and sodium, all calculations refer to all-electron parametrization of the density, but, for potassium and rubidium, we used the Stuttgart effective core potentials (ECPs).
38
The property calculations made with ECPs employ the all-electron polarization basis sets of Sadlej 36, 37 for the description of the valence orbitals, i.e., the core atomic orbitals are left to be projected out by the projectors in the ECPs.
In order to evaluate the Casimir-Polder integral [Eq. (2)] for the C 6 dispersion coefficients, the polarizabilities were calculated at the imaginary frequencies taken from a GaussLegendre integration scheme with the transformation of variables according to
Here we used a transformation factor of ω 0 = 0.3E h as suggested in Ref. 39 , followed by a Gauss-Legendre quadrature in the interval −1 ≤ t ≤ 1. For the interactions between the alkali clusters and C 60 , results for the polarization of the fullerene were taken from our previous work. 30 We use the six-point Gauss-Legendre integration in the present work.
The coupled cluster model with single and double excitations (CCSD) 26, 40 was used to obtain the Cauchy moments and the C 6 coefficients of the alkali metal dimers and tetramers.
The frequency-dependent polarizabilities can be obtained from the Cauchy moments by the Cauchy moments expansion, and the C 6 dispersion coefficients can be directly evaluated from the Cauchy moments with use of the lower [n, n−1] α and upper [n, n−1] β Padé approximants recommended by Langhoff and Karplus. 41 With n = 4, the value of the C 6 coefficients for the dimers and tetramers are converged to within 1%. 
IV. RESULTS AND DISCUSSION
We begin our discussion by estimating the accuracy of the theoretical results for the polarizabilities and the C 6 dipole-dipole dispersion coefficients. We then turn to a presentation of the long-range interactions between closed-shell alkali metal clusters containing up to ten lithium, sodium, potassium, and rubidium atoms and the fullerene C 60 .
A. Estimating the quality of results
Apart from the diatomic systems, experimental results for the cluster structures are unavailable, and, in addition, for the potassium and rubidium clusters there are neither experimental nor theoretical geometries available. For that reason we conducted geometry optimizations for the K n and Rb n (n = 4, 6, 8, and 10) systems. For the larger clusters there are clearly a large number of possible configurations, and we have made no attempt to find the global minima of the potassium and rubidium clusters. Instead we argue that it is plausible that the optimal configuration of the potassium and rubidium clusters should possess the symmetry elements of the corresponding sodium clusters for which the structure minima are reported in Refs. 9 and 10, and we therefore use the optimized sodium structures 9,10 as initial configurations in the optimizations of potassium and rubidium clusters. The B3LYP optimized bond lengths of the Na n , K n and Rb n clusters are given in Table I (the bond labels are illustrated in Fig. I ). The corresponding bond parameters for the Li n clusters are not included in the table because point group symmetries were not enforced in the original molecular structure optimizations which lead to slightly asymmetric clusters. 15 This aspect of asymmetry is also reflected by the tensor components of the polarizability that are reported in the present work (compare for instance the three α-components of Li 8 in Table II ).
The quality of our results for the fullerene and the sodium clusters was established in our previous work by a comparison to experimental results as well as, for the smaller clusters, theoretical results obtained with more sophisticated ab initio approaches, and it was concluded that the DFT results for α(0) and the C 6 coefficient had error bars of 2% and 5%, respectively. 22, 30 In the present work, we will address the quality of the property calculations for the other alkali metal clusters. dimers. In establishing the quality of the DFT results for the polarization and dispersion properties of Li n , K n , and Rb n , we also compare our results to theoretical results that are obtained with wave function correlated methods. With respect to results found in the literature attention is paid to the employed cluster geometries and basis sets. We address these issues by carrying out a set of coupled cluster calculations on the dimers and tetramers, so that we are in control of the computational parameters. Our wave function correlated calculations are of course carried out with use of identical parameter sets (geometry and basis set) as those used in our DFT calculations. We can also determine the dispersion coefficient at the coupled cluster level so that we can get an estimate of the quality of the dispersion of the polarizability α(iω) (and not only the static value) at the DFT level of theory.
In Table II The reason for us to establish the quality of the referenced MP2 results for the polarizability of the lithium clusters is that these results are in close agreement with our results obtained at the Kohn-Sham DFT level of theory using the B3PW91 functional. Comparing our DFT results with the MP2 reference values, we see that the discrepancies in α(0) amount to 4% for the lithium tetramer and to less than 2% for others. This finding is in line with the conclusion made in Ref. 22 about the DFT/B3PW91 results for the polarizability of the sodium clusters namely that the quality of the DFT results parallels that of the corresponding MP2 results. In Table III we present parts of the sodium cluster results from our previous work 22 with the addition made here of providing the results for the individual tensor components of the polarizability. But we refer to the original work for the discussion that lead us to the conclusion that the error bar of our DFT/B3PW91 results for the polarizability of the sodium clusters is 2%.
When it comes to the polarizability of the potassium and rubidium clusters results in the literature are scarce, but for the two dimers there is the work of Urban and Sadlej.
4
For the potassium dimer our CCSD result for the polarizability is in close agreement with their CCSD(T) result (see Table IV ), but for the rubidium dimer the discrepancy is much larger (see Table V ). For the rubidium dimer, Urban and Sadlej 4 employed an optimized bond length that is some 12 pm longer than the experimental bond length used in the present work, and the authors also mention that their disregard of relativistic effects may be associated with an overestimation of the bond length. 4 As a consequence of an overestimated bond length, it is to be expected that the polarization along the bond axis becomes too large (i.e., an overestimated value for α zz with our choice of coordinate system). So the fact that their CCSD(T) result 4 for α zz is some 6% larger than our CCSD value for the same tensor component is to some extent explained by the differences in bond lengths. We note, however, that there exist also a large discrepancy in the perpendicular component of the polarizability which is not explained by differences in geometry. We have determined the uncorrelated Hartree-Fock value of α(0) at the optimized bond length of 4.298Å and the result is 665.1 a.u. which is some 15 a.u. larger than the value at the experimental bond length of 4.18Å but still significantly lower than the Hartree-Fock value of 698.9 a.u.
that is reported in Ref. 4 . This clearly indicates that there is a relativistic contraction of the electron density that we account for by using relativistic ECPs in the present work.
The DFT/B3PW91 method overestimates the effects of electron correlation for α(0) of the potassium and rubidium dimers but is in excellent agreement with the CCSD method when it comes to the polarizability of the two tetramers.
For the series of alkali metal dimers, a relative measure of the effects of electron correlation on the polarizability is given in Fig. 2 ; we compare the uncorrelated Hartree-Fock results to the corresponding CCSD results in this figure. The effects of electron correlation on the parallel components are 22%, 9%, 7%, and 1% for Li 2 , Na 2 , K 2 , and Rb 2 , respectively, whereas, reported in the same order, the effects on the perpendicular components are −6%, −8%, −18%, and −19%. The correlation effects on the individual tensor components are thus large, and, for the alkali metal dimers, it is clear that the DFT/B3PW91 approach performs better for the perpendicular component than for the parallel component. The accuracy of the DFT results for the averaged value α(0) relies on a cancellation of errors between the components, and the accuracy of the DFT results for the anisotropy of the polarizability is not as high.
Since there is a square dependence between the polarizability and the dispersion coefficient, one can expect the magnitude of the errors for the C 6 coefficients to be twice the errors for α(0). We estimate that the error bar of our best DFT results for the C 6 coefficients of the alkali metal clusters is 8%.
B. Dispersion interactions of alkali metal clusters and the fullerene
The dispersion coefficients for the interactions between the alkali clusters and the fullerene C 60 are given in Tables II-V. The HF and DFT/B3LYP polarizabilities of C 60 as given in Ref. 30 were utilized for evaluation of the C 6 coefficients in the present work. The difference in the resulting dispersion coefficients depending on which data set is used for the polarizability of the fullerene is not significant, but we note that it was argued in Ref. 30 that the uncorrelated Hartree-Fock results for the polarizability α(iω) showed a somewhat better dispersion (i.e., frequency dependence).
In Fig. 3 , we compare our best DFT results for the dispersion coefficients of the metal cluster-to-fullerene interactions against the experimental data of Kresin et al. 21 The error bars of the experiment are about 30% and included in the figure. As mentioned in our previous work, 22 the theoretical results for the smaller sodium clusters (including up to ten atoms) are in close agreement with experiment. In the case of larger clusters (not included in Fig. 3 but reported in the original work 22 ), the agreement, although still within the error bars, is less convincing; there is a trend of theoretical results being smaller than the experimental counterparts. We believe that this reflects an experimental situation where there is a distribution of different metal cluster configurations with varying volume, some of which have a larger volume than the theoretically optimized volume used in the calculations.
We have not pursued an investigation of the configuration dependence of the dispersion coefficients, but, if called for, it could easily be done in order to for instance correlate an accurate experimental value for the dispersion interaction with the molecular structure. We emphasize that the error bar in the theoretical results should be the same regardless of the size of the cluster, so our approach should be accurate enough to distinguish between different cluster configurations from the differences in dispersion coefficients. In addition we have argued in the present work that the accuracy reached in the density functional based calculations is the same for clusters involving different alkali metals, and our results should serve as appropriate reference values for future experimental work on lithium, potassium, and rubidium clusters, if such are carried out. It is apparent that the interactions between the fullerene and the clusters vary quite strongly with the species that make up the cluster; the heavier the atom the stronger the interactions, see Fig. 3 .
We have also included the results for the characteristic frequency ω 1 [Eq. (5) We note that such a relation has also been presented for the nalkanes in our previous work. 28, 32 For sodium clusters, Chandrakumar et al. 10 showed a linear dependence between the static mean polarizability and the cluster volume. Combined with our finding of universal characteristic frequencies, one can directly find relations between the cluster volumes and the C 6 coefficients with help of Eq. (5).
V. CONCLUSIONS
The complex polarization propagator approach has been shown to be an effective and direct way to determine the polarizability on the imaginary frequency axis for the metal alkali clusters. We present first-principles calculations of the electric dipole polarizabilities and the dipole-dipole dispersion coefficients of the closed-shell alkali clusters involving up to ten lithium, sodium, potassium, and rubidium atoms and the C 60 fullerene. The method allows for the employment of large and diffuse basis sets that are optimized for the calculations of the polarizabilities, and it therefore has the potential to be accurate for the determination of a The bond labels refer to the labeling made in Fig. 1 . Na n − Na n Na n − C 60 
